Numerical simulations of the flux-free Meissner state and the partly flux-filled critical state of a thin, current-carrying type-II superconductor strip shielded by a soft-magnetic environment of restricted geometry are performed, calling upon the ANSYS finite-element software program and exploiting magnetostatic-electrostatic analogues. The distribution of the static magnetic field around the superconductor strip, the distribution of the sheet current in the strip, and the maximum total transport current carried by the strip are established for two practically relevant magnet configurations and a range of magnetic permeabilities. The predictions of the simulations are qualitatively in line with previous analytical and numerical results concerning idealized shields; they demonstrate the existence of non-dissipative overcritical states associated with substantial redistributions of the sheet current towards the centre of the strip and significant enhancements of the total loss-free current that can be carried by the strip for both the introduced concave and, respectively, convex magnetic cavity, however with a bias in favour of the latter type of environment. The shielding effect is highly sensitive to the distance between the edges of the strip and the magnets and, unlike the case for magnets of semi-infinite extent, exhibits slow saturation with increasing values of the magnetic permeability. Hysteretic ac losses suffered by the magnetically shielded strip in the periodically changing, partly flux-filled critical state drastically wane when the magnetic permeability augments.
Introduction
Thin type-II superconductor strips are deemed promising elements for both large-scale power and microelectronic device applications. An important characteristic regarding their use is the critical current, i.e. the maximum loss-free current that can be carried by the strips. This is commonly improved through the introduction of suitable pinning centres which suppress the flow of magnetic flux and the consequential dissipation of electromagnetic energy [1] . There are, however, further ways to increase the superconductor current-carrying capability, namely those based on the shielding effect of magnetically susceptible environments. 1 Author to whom any correspondence should be addressed. 2 New address: Leibniz Institute for Solid State and Materials Research, 01069 Dresden, Germany.
The idea of guiding the magnetic flux with the help of magnetic shields in order to improve superconductor performance has been advanced before [2] [3] [4] [5] [6] [7] .
Thus, magnetically sheathed single or composite superconductor cables are notable for a reduction of the strength of the magnetic fields exerted upon their superconducting filaments, in the case of both externally imposed and current-induced fields, by decoupling the filaments [4] [5] [6] .
For planar superconductors such as thin superconductor strips, resorting to soft-magnetic environments of special shapes admits an intricate control of the magnetic flux and of the current density too [2, 3, 7] . Lowering the high density of the magnetic flux near the edges of thin superconductor strips by means of convex magnetic shields entails a pronounced decrease of the self-field influence on the strips. Last but not least, field conditioning in partly flux-filled superconductor strips can even procreate non-dissipative overcritical states delineated by transport currents much higher than those in isolated strips [3] .
Hence, from a theoretical point of view, transport currents may be strongly redistributed in superconductor strips when exposed to magnetic [2, 3] or superconducting [8, 9] shields, bringing about drastic enhancements of the total lossfree current as compared to the conventionally attainable critical current.
For magnetically shielded strips, such overcritical states have been predicted analytically, though only in the idealized case of shields of infinite lateral extent and infinite magnetic permeability to date. Nevertheless, substantial redistributions of the transport current due to the presence of geometrically restricted shields of finite magnetic permeability have been established in numerical studies [10] [11] [12] [13] [14] and magneto-optical experiments [13, [15] [16] [17] [18] . Recently, the enhancement effect of open, shielding softmagnet configurations on the critical current of superconductor strips has been confirmed in transport measurements and finiteelement simulations of full critical states for critical currents depending on the local magnetic field [19] [20] [21] [22] . The finiteelement approach has furthermore been used to clarify the problem of hysteretic ac losses in planar superconductor/softmagnet heterostructures with simple, albeit realistic shielding geometries and arbitrary permeabilities of the magnets involved, rather than to trace overcritical states triggered off by sophisticated magnetic environments [4, 6, 21, 23] . Experimental results concerning hysteretic ac losses in bilayered superconductor/soft-magnet heterostructures like superconductor coated tapes [24] have most recently been explained theoretically on the model assumption of infinitely thin magnetic substrates of infinite permeability [25] .
Here, we simulate field and current distributions in a thin type-II superconductor strip surrounded by shielding magnets of finite, practically relevant geometries, addressing soft-magnetic materials as industrially used, with the aim of examining whether non-dissipative overcritical states may occur under these circumstances as well. To this end, we call upon ANSYS, a commercial finite-element software program for computing scalar, vector and tensor fields associated with diverse materials states, though not originally designed for modelling superconducting states, by exploiting magnetostatic-electrostatic analogues. In section 2 we set out the general framework defining the basis of our finite-element simulations and introduce two essentially different magnet configurations-a horseshoe-shaped magnetic environment representing a concave open cavity and a wedge-shaped magnetic environment representing a convex open cavityexpected to yield particularly strong shielding effects. Making recourse to these, in section 3 we present the numerical results obtained, respectively, for the distribution of the static magnetic field around the superconductor strip, the distribution of the sheet current in the strip, and the maximum total transport current carried by the strip, focusing at first on the flux-free Meissner state. Selecting the magnet configuration with superior performance of the configurations proposed and turning to the partly flux-filled critical state, we then show the numerical results displayed, respectively, for the distribution of the sheet current in the strip, the maximum total transport current carried by the strip, and, within a quasistatic approach, the hysteretic ac losses suffered by the strip. Finally, in section 4 we conclude by summarizing and discussing the results attained, giving recommendations for the design of superconductor/soft-magnet heterostructures made up of a thin superconductor strip and efficient magnetic shields.
Theoretical model
We begin with an exposition of the concepts and assumptions underlying our modellings of physical states of a magnetically shielded superconductor strip. This includes formulations of the original magnetostatic problem and the corresponding electrostatic problem as well as elaborations of magnetostaticelectrostatic analogues, which pave the way for finite-element simulations with the help of ANSYS relating to specifically selected magnetic environments.
General framework: magnetostatic problem
Let us consider an infinitely extended type-II superconductor strip of width 2w and thickness d w limited by the range −w x w and located between two infinitely extended, homogeneous soft magnets of permeabilities μ 1 and μ 2 , the direction of translational invariance of this heterostructure being parallel to the z-axis of a Cartesian coordinate system x, y, z, as depicted in figure 1 . A cross section distinguishes the domain D occupied by the strip from the respective domains D (1) and D (2) occupied by the magnets, leaving the domain D (0) for a vacuum with permeability μ 0 . The strip is supposed to carry a longitudinal transport current of magnitude I in the absence of an externally applied magnetic field. By virtue of the restriction concerning the dimensions of the strip, changes of the current over the thickness of the strip may be ignored and, for mathematical convenience, the strip regarded as infinitesimally thin, enabling the physical state of the strip to be characterized by the sheet current J depending on x alone. The latter measures the discontinuity of the tangential component of the magnetic field across the strip [26] .
The definition of the physical states of the superconductor strip is crucially supplied by the boundary conditions imposed on the surface of the strip. Thus, for the strip to exhibit the flux-free Meissner state, the normal component of the static magnetic field H (0) in vacuum must vanish on the whole surface of the strip:
If, by comparison, the strip were to reveal the partly flux-filled critical state, the normal component of this field must vanish only on the central, flux-free part of the surface of the strip:
Implementing Bean's model of the critical state duly adapted to the geometry of the strip [27, 28] , we assume that the sheet current J within the strip, and hence the tangential component of the static magnetic field H (0) in vacuum, remain constant on the marginal, flux-penetrated parts of the surface of the strip characterized by the permeability μ 0 , of depths s 1 , s 2 > 0 measured from the left or, respectively, right end of the strip:
In studying the variation of the sheet current J over the width of the strip, when modelling the Meissner state for Cross-sectional view of a superconductor strip of width 2w (dark shading) located between two bulk soft magnets of arbitrary shape (light shading) extending infinitely in the z-direction of a Cartesian coordinate system x, y, z, adapted to the strip. The domain D occupied by the strip, the domains D (1) and D (2) occupied by the magnets, and the domain D (0) left for a vacuum are marked.
particular magnetic shields, we assume strip protection against entry of magnetic flux owing to an edge barrier typified by the sheet current value J b [29] [30] [31] [32] [33] ; this ensures that the strip remains flux free provided that J < J b at both edges of the strip, x = ±w. The maximum total transport current I possible is obtained if J = J b at least at one edge of the strip, with or, respectively, without a shielding magnetic environment. On the other hand, when modelling the critical state for given magnetic shields, we resort to the (fieldindependent) critical sheet current value J c defining an upper bound to the sheet current in the central, flux-free part of the strip contiguous to the flux-filled zones, where J < J c , and prevailing throughout the marginal, flux-penetrated parts of the strip, of depths s 1 , s 2 > 0, where J = J c . If proceeding from a total transport current of fixed magnitude I , the parameters s 1 and s 2 are understood to be determined self-consistently such that J = J c at the interfaces between the flux-free and the fluxfilled zones, x = −w +s 1 and w −s 2 , resulting in a continuous distribution of the sheet current over the whole width of the strip (cf [27, 28] 
These requirements include the cases of the magnets facing each other or a vacuum, but exclude direct contact between the magnets and the superconductor strip to avoid complications arising from the proximity effect. Needless to say, besides, and on general physical grounds, the static magnetic field H (0) in vacuum must vanish asymptotically far away from the heterostructure.
The magnetic field H in the entire space outside the domain D satisfies the homogeneous Maxwell equations
which suggest the introduction of a magnetic vector potential A to yield the representation of the magnetic field,
identically satisfying the first of equations (2) . With the geometry of the heterostructure addressed, the current density j has a non-zero component j z only, and thus admits the choice of a single nontrivial component A z of A, both depending on x and y. By reference to the Coulomb gauge ∇ · A = 0, the second of equations (2) then generates the Laplace equation
Making recourse to Ampère's law in the domain D,
and applying Stokes' theorem, the total transport current permeating the cross section of the superconductor strip, I , can be expressed in terms of the sheet current J or the tangential component of the magnetic field H (0) t on the surface of this strip:
i.e. through the solution of equations (2) or, respectively, equation (4) 
General framework: electrostatic problem
The requisite determination of the magnetic field may be achieved by proper reinterpretation of the solution of a corresponding electrostatic problem, as will be shown. Let us therefore imagine that the heterostructure portrayed in figure 1 consisted of an infinitely extended metal or, respectively, composite strip of width 2w and thickness d w limited by the range −w x w and located between two infinitely extended, homogeneous dielectrics of permittivities ε 1 and ε 2 , instead. A cross section distinguishes the domain D occupied by the strip from the respective domains D (1) and D (2) occupied by the dielectrics, leaving the domain D
for a vacuum with permittivity ε 0 . The strip is supposed to carry a static electric charge per unit length of the strip, Q, in the absence of an externally applied electric field. By virtue of the restriction concerning the dimensions of the strip, the physical state of the strip can be characterized by the surface charge density σ depending on x alone. The latter measures the discontinuity of the normal component of the electric field across the strip [26] .
If we wish to emulate the flux-free Meissner state, the strip is understood to exhibit metallic conductivity, whence the tangential component of the static electric field E (0) in vacuum must vanish on the whole surface of the strip:
If, however, the strip were to be addressed in the partly flux-filled critical state, it is supposed to consist of a central, metallic part and marginal, dielectric parts. The tangential component of this field then must vanish only on the central part of the surface of the strip:
In conformity with Bean's model of the critical state duly adapted to the geometry of the strip [27, 28] , we assume that the surface charge density σ at the boundary of the strip, and hence the normal component of the static electric field E (0) in vacuum, remain constant on the dielectric parts of the surface of the strip characterized by the permittivity ε 0 , of widths s 1 , s 2 > 0 measured from the left or, respectively, right end of the strip:
In studying the variation of the surface charge density σ over the width of the strip, when addressing the Meissner state, we invoke a surface charge density value σ b which ensures protection of the Meissner state as long as σ < σ b at both edges of the strip, x = ±w. The maximum total electric charge possible, per unit length of the strip, Q, is then obtained if σ = σ b at least at one edge of the strip. On the other hand, when emulating the critical state, we refer to a (field-independent) critical surface charge density value σ c defining an upper bound to the surface charge density in the central, metallic part of the strip contiguous to the dielectric zones, where σ < σ c , and prevailing throughout the marginal, dielectric parts of the strip, of widths s 1 , s 2 > 0, where σ = σ c . If proceeding from a total electric charge per unit length of fixed magnitude Q, the parameters s 1 and s 2 are understood to be determined selfconsistently such that σ = σ c at the interfaces between the metallic and the dielectric parts, x = −w + s 1 and w − s 2 , resulting in a continuous distribution of the surface charge density over the whole width of the strip.
Additional conditions relating to the tangential and normal components of the static electric fields
, when their respective boundaries are traversed, demand [26] 
analogous to equation (1) . Needless to say, besides, and on general physical grounds, the static electric field E (0) in vacuum must vanish asymptotically far away from the heterostructure.
The electric field E in the entire space outside the domain D satisfies the homogeneous Maxwell equations
which permit the introduction of a scalar electric potential ϕ depending on x and y to yield the representation of the electric field, E = −∇ϕ,
identically satisfying the second of equations (8), whereas the first equation (8) entails the Laplace equation
Making recourse to Gauss's law in the domain D,
with the volume charge density ρ and applying the divergence theorem, the total electric charge per unit length of the metal or composite strip located on its surface, Q, can be expressed in terms of the surface charge density σ or the normal component of the electric field
n on the surface of this strip:
referring to the solution of equations (8) or, respectively, equation (10) under consideration of the boundary and far-field conditions defined before, with the scalar electric potential ϕ prescribed on the whole surface of the strip: ϕ = const on ∂ D, if the flux-free Meissner state were to be addressed. By contrast, emulations of the partly flux-filled critical state require the scalar electric potential ϕ to be prescribed only on the surface of the central, metallic part of the strip, ϕ = const on ∂ D ff , in conjunction with the surface charge density σ on the dielectric parts of the surface of the strip determined self-consistently, σ = σ c along ∂ D s 1 ,s 2 , so that a continuous distribution of σ over the whole width of the strip is obtained which, according to equation (12), itself determines Q.
General framework: magnetostatic-electrostatic analogues
We now relate the component of the magnetic vector potential A z as a solution of equation (4) and the scalar electric potential ϕ as a solution of equation (10) 
in the domains D (i) by setting
with an arbitrary constant, α. Then, in the entire space outside the domain D, the magnetic field and the electric field derived from these potentials are mutually orthogonal:
revealing a coincidence of the lines of the magnetic field generated by the transport current and the equipotentials of the electric field created by the surface charge. In particular, the assignments
hold. This, in turn, means that, for a metal strip, the tangential component of the static electric field E (0) in vacuum, and hence the normal component of the static magnetic field H (0) in vacuum, vanish on the surface of the strip: E 
The domain D is thus just partly filled with magnetic flux and embodies a superconductor strip in the critical state. By substituting equation (15) into equation (7), the additional conditions relating to the tangential and normal components of the static magnetic fields H (i) in the domains D (i) , when their respective boundaries are traversed,
emerge. Equation (16) in view of equation (1) n , from equations (6), (12) and (15), the relation
prevails, demonstrating a correspondence between the total transport current flowing through the strip in the case of the magnetostatic problem and the total electric charge per unit length carried by the surface of the strip in the case of its electrostatic analogue. Thus, once the distribution of the electric field E, obtained from the scalar electric potential ϕ and, if applicable, the surface charge density σ , is known, the distributions of both the magnetic field H and the sheet current J as well as the total transport current I can be established from equations (14) and (17), except for the common factor α.
The preceding analysis even allows an extension beyond static quantities. Thus, for the superconductor strip in the partly flux-filled critical state, hysteretic ac losses caused by a transport current that varies periodically with time, at fixed amplitude I , can be ascertained, resorting to the quasistatic approach. The scenario of entry and exit of magnetic flux in the presence of magnetic shields is basically the same as for an unshielded strip [27, 28, 34] ; in particular, the distribution of the magnetic field along the strip, obtained by the gradual increase of the transport current from the virgin state of the strip up to the state associated with the maximum value of the current, changes sign as the current alternates between I and −I . Accordingly, the energy dissipated during a cycle of the ac transport current, per unit length of the strip, U ac , is determined by the normal component of the magnetic field H (0) n for a given value of I or, equivalently, by the tangential component of the electric field E (0) t for a chosen value of Q (cf [27, 28] ):
We comment that in the limit of vanishing penetration of magnetic flux, s 1 , s 2 → 0, when the strip reverts to the flux-free Meissner state, equation (18) yields the result U ac = 0, as it should. On the other hand, when letting the permeabilities of the magnets μ 1 , μ 2 → μ 0 and, hence, the permittivities of the dielectrics ε 1 , ε 2 → ε 0 , to mimic a vacuum environment, the result U ac = U 0 f (0) for the hysteretic energy loss during a cycle of the ac transport current, per unit length of the unshielded strip, is obtained, which also admits the analytic form U 0 = μ 0 I 2 c /π exposing the critical transport current value I c together with a transcendental function f (0) of I /I c [28] .
It is interesting to note that although characteristics such as the sheet current J , the total transport current I , and the hysteretic ac energy loss U ac still hinge upon the free constant α when exploiting magnetostatic-electrostatic analogues, all quantities of particular interest here are uniquely defined by this technique: the ratios J/J b and I /I b for the strip to exhibit the Meissner state (with the maximum total transport current in the case of an isolated strip
) or the ratios J/J c and I /I c for the strip to reveal the critical state (with the critical total transport current in the case of an isolated strip I c = 2w J c [27] ) as well as the ratio U ac /U 0 for the strip to display the latter state.
Specific magnet configurations: finite-element simulations
The magnet configurations of the heterostructure addressed in our finite-element simulations of overcritical states of a magnetically shielded superconductor strip appear from figure 2: a horseshoe-shaped magnet configuration on the one hand and a wedge-shaped magnet configuration on the other hand, representing examples of concave or, respectively, convex open magnetic cavities. The choice of their geometrical design is motivated by previous theoretical realizations that open magnetic environments yield distinct redistributions of the sheet current towards the centre of the strip associated with significant enhancements of the total loss-free current that can be carried by the strip [2, 3] , and by the expectation of particularly strong shielding effects. If the width of the strip 2w and its thickness d are fixed, the distance between the edges of the strip and the magnets a remains as the only variable geometrical quantity. Letting the permeabilities of the magnets μ 1 , μ 2 → μ > μ 0 and, in the sense of proper reinterpretation, therefore the permittivities of the corresponding dielectrics ε 1 , ε 2 → ε < ε 0 , we henceforth refer to magnet or, respectively, dielectric configurations of complete, twofold mirror symmetry. In such configurations, the depths of penetration of magnetic flux into the superconductor strip or, respectively, the widths of the marginal, dielectric parts of the composite strip coincide:
Our finite-element simulations with the help of ANSYS in consideration of magnetostatic-electrostatic analogues, by which the substitution μ → ε −1 applies, run as follows. The first step includes a geometrical definition of the domains occupied by the metal or composite strip and by the dielectrics making up the heterostructure; this is complemented by the assignment of a chosen value of the permittivity to the domains occupied by the dielectrics and of the due value of the permittivity to the domain left for the vacuum. The domain envisaged for numerical analysis-inwardly delimited by the domain of the strip-is outwardly delineated by a quadratic frame well encompassing the domain covered by the heterostructure. The second step involves the generation of an adapted seed of mesh points of a triangular grid, fostered by the flexibility which the software program at hand allows in putting computational elements wherever they seem fit. Thus, a substantially refined mesh size m near the surface and the edges of the strip, i.e. in regions with pronounced field inhomogeneities bound to occur, recommends itself; a practically still easily manageable lower limit represents m/w = 0.001 in conjunction with d = 2m. (Note that, for reasons of graphical feasibility, the thickness of the strip in figure 2 is exaggerated compared to this scale.) The third step concerns the algorithmic solution of equation (10) governing the scalar electric potential ϕ, from which, via equation (9), the static electric field E is derived. This assumes that the boundary conditions, equation (7), and the far-field condition apply. Satisfaction of the latter, asymptotic requirement for a quadratic frame of large, but finite extent is approximately ensured by invoking a continuously distributed surface charge on its outer boundary, balancing the total charge per unit length Q carried by the strip. A convenient realization, in view of the gauge invariance of equation (10), consists of setting the scalar electric potential ϕ = 0 on this boundary.
For the metal strip, a non-zero electric potential value ϕ = ϕ 0 is assigned to the whole surface of the strip and adjusted such that the peaks of the ensuing distribution of the surface charge density σ at both edges of the strip, x = ±w, match a pre-set surface charge density value σ b . In this way, emulation of the edge barrier protected, flux-free Meissner state carrying the maximum transport current possible is secured. For the composite strip, a surface charge density value σ c is prescribed on the marginal, dielectric parts of the strip of width s; the latter is supplied, rather than self-consistently determined, to facilitate practical computations, implying that the total charge per unit length Q carried by the strip follows as a deduced quantity. A non-zero electric potential value ϕ = ϕ 0 assigned to the central, metallic part of the strip is adjusted such that the peaks of the ensuing distribution of the surface charge density σ at the interfaces between the metallic part and the dielectric parts, x = −w + s and w − s, match the surface charge density value σ c . Again, in this way, emulation of the partly flux-filled critical state carrying the maximum transport current possible is secured.
Naturally, all finite-element simulations are subject to tests for convergence of the predicted results with enlargements of the quadratic frame underlying the numerical analysis and refinements of the size of the meshes setting up the triangular grid; they enjoy a reduction to a quarter of the true numerical expenditure by taking the mirror symmetry of the respective problems into account.
Numerical results
To appraise the effect of magnetic shielding on transport current flow and hysteretic ac loss, if any, in the superconductor strip, numerical simulations using the ANSYS finite-element software program were carried out for the horseshoeshaped magnet configuration and the wedge-shaped magnet configuration of figure 2, referring to the flux-free Meissner state and to the partly flux-filled critical state, with the distance between the edges of the strip and the magnets a, the magnetic permeability of the shields μ, and the depth of penetration of magnetic flux into the superconductor strip s regarded as constitutive parameters. The distribution of the static magnetic field around the superconductor strip was obtained from the distribution of the static electric field in view of equation (14) . Likewise, the distribution of the sheet current, i.e. the tangential component of the static magnetic field, equation (6) , was calculated from the normal component of the static electric field at the surface of the strip according to equation (15) . Furthermore, the total transport current, i.e. the integral of the tangential component of the static magnetic field, equation (6), was derived from the integral of the normal component of the static electric field taken over the surface of the strip as laid down in equation (17) . Finally, hysteretic ac losses, determined by the integral of the normal component of the static magnetic field, were calculated from the integral of the tangential component of the static electric field taken over the surface of the strip as prescribed by equation (18) . Figure 3 presents an illustrative example of the distribution of the static magnetic field H around the magnetically shielded superconductor strip in the flux-free Meissner state, for the horseshoe-shaped magnet configuration of figure 2(a), with the normalized distance between the edges of the strip and the magnets a/w = 0.2 and the relative magnetic permeability of the shields μ/μ 0 = 1000. Whereas the lines of the magnetic field at either side of the strip take on virtually circular shapes far away from the heterostructure, like for an isolated strip, they show refraction at the almost orthogonally intersected surfaces of the magnets and enhanced concentration inside. The diversion of the lines of the magnetic field away from the edges of the strip (not graphically disclosed) here, in a concave open magnetic cavity, comes about by a compromise between magnetic plate elements parallel to the superconductor strip, tending to reduce the maximum total current in the strip, and magnetic plate elements perpendicular to the superconductor strip, tending to increase the maximum total current in the strip. Our analysis permits us to examine the interplay of both effects.
Meissner state for the horseshoe-shaped magnet configuration
Addressing this magnet configuration, with the relative magnetic permeability of the shields μ/μ 0 = 1000, figure 4(a) manifests the variation of the normalized sheet current J/J b over the width of the strip for a range of values of the normalized distance between the edges of the strip and the magnets a/w. A general trait due to sheet current redistribution in the strip is the appearance of a central, elevated plateau, whose height abates, whilst its width extends, for increasing values of a/w, until it ceases to exist. Figure 4 (b) presents the variation of the corresponding normalized maximum total transport current I /I b with the normalized distance between the edges of the strip and the magnets a/w. Starting from a distinct maximum at the smallest value of a/w, there is a monotonic fall towards unity, the value prevailing for an isolated strip, as a/w continues to grow. For this magnet configuration, with the normalized distance between the edges of the strip and the magnets a/w = 0.2, figure 5(a) presents the variation of the normalized sheet current J/J b over the width of the strip for a range of values of the relative magnetic permeability of the shields μ/μ 0 . As before, a general trait due to sheet current redistribution in the strip is the appearance of a central, elevated plateau, whose height abates, whilst its width extends, although with decreasing values of μ/μ 0 , until it ceases to exist. Figure 5(b) shows the variation of the corresponding normalized maximum total transport current I /I b with the relative magnetic permeability of the shields μ/μ 0 . There is a monotonic rise starting from unity, the value appropriate to an unshielded strip adopted for the vacuum value of μ/μ 0 , followed by a transition to saturation at large values of μ/μ 0 .
In summary, our results for the horseshoe-shaped magnet configuration of figure 2(a) establish the general tendency of the normalized maximum total transport current I /I b to rise above unity when the normalized distance between the edges of the strip and the magnets a/w shrinks or when the relative magnetic permeability of the shields μ/μ 0 grows.
We note explicitly the enhanced ratio I /I b ∼ = 20.8 attained at a/w = 0.2 for μ/μ 0 = 1000, according to figures 4(b) and 5(b). Figure 6 presents an illustrative example of the distribution of the static magnetic field H around the magnetically shielded superconductor strip in the flux-free Meissner state, for the wedge-shaped magnet configuration of figure 2(b) , with the normalized distance between the edges of the strip and the magnets a/w = 0.2 and the relative magnetic permeability of the shields μ/μ 0 = 1000. Again, whereas the lines of the magnetic field at either side of the strip take on virtually circular shapes far away from the heterostructure, like for an isolated strip, they show refraction at the almost orthogonally intersected surfaces of the magnets and enhanced concentration inside. The diversion of the lines of the magnetic field away from the edges of the strip (not graphically displayed) here comes about by convex open magnetic cavity elements inclined with respect to the superconductor strip, which favour an increase of the maximum total current in the strip. Our analysis permits us to quantify the significance of the latter effect.
Meissner state for the wedge-shaped magnet configuration
Examining this magnet configuration, with the relative magnetic permeability of the shields μ/μ 0 = 1000, figure 7(a) unveils the variation of the normalized sheet current J/J b over the width of the strip for a range of values of the normalized distance between the edges of the strip and the magnets a/w. A general trait due to sheet current redistribution in the strip now is the appearance of a central, substantially elevated plateau, whose height abates, whilst its width extends, for increasing values of a/w, until it ceases to exist. Figure 7 (b) presents the variation of the corresponding normalized maximum total transport current I /I b with the normalized distance between the edges of the strip and the magnets a/w. Starting from a pronounced maximum at the smallest value of a/w, there is a rapid monotonic fall towards unity, the value prevailing for an isolated strip, as a/w continues to grow. For this magnet configuration, with the normalized distance between the edges of the strip and the magnets a/w = 0.2, figure 8(a) presents the variation of the normalized sheet current J/J b over the width of the strip for a range of values of the relative magnetic permeability of the shields μ/μ 0 . As before, a general trait due to sheet current redistribution in the strip is the appearance of a central, elevated plateau, whose height abates, whilst its width extends, although with decreasing values of μ/μ 0 , until it ceases to exist. Figure 8(b) shows the variation of the corresponding normalized maximum total transport current I /I b with the relative magnetic permeability of the shields μ/μ 0 . There is a sharp monotonic rise starting from unity, the value appropriate to an unshielded strip adopted for the vacuum value of μ/μ 0 , followed by a transition to saturation at already moderate values of μ/μ 0 .
In summary, our results for the wedge-shaped magnet configuration of figure 2(b) establish the general tendency of the normalized maximum total transport current I /I b to (a) (b) Figure 10 . (a) Dependence of the normalized total transport current I /I c on the normalized flux penetration depth s/w for the magnetically shielded superconductor strip in the partly flux-filled critical state and (b) variation of the corresponding normalized hysteretic ac loss per cycle suffered by the strip U ac /U 0 with the normalized total transport current I /I c , when the normalized distance between the edges of the strip and the magnets a/w = 0.2, for four different values of the relative magnetic permeability of the shields μ/μ 0 identified on the curves, referring to the wedge-shaped magnet configuration of figure 2(b) . The full circles terminating some of the curves separate physically stable and unstable regimes of the critical state, whereas the empty circles terminating the residual curves manifest the onset of the full critical state; the dashed lines represent extrapolations into computationally inaccessible regimes and serve only as guides to the eye.
rise above unity when the normalized distance between the edges of the strip and the magnets a/w shrinks or when the relative magnetic permeability of the shields μ/μ 0 grows. We note explicitly the enhanced ratio I /I b ∼ = 23.5 attained at a/w = 0.2 for μ/μ 0 = 1000, according to figures 7(b) and 8(b).
Critical state for the wedge-shaped magnet configuration
Remembering the fact that the horseshoe-shaped magnet configuration of figure 2(a) is outperformed by the wedgeshaped magnet configuration of figure 2(b) , as far as the enhancement of the maximum total transport current in the flux-free Meissner state is concerned, we confine ourselves to the latter magnet configuration for studying the partly fluxfilled critical state. Since physically stable overcritical current transport only goes along with small depths of penetration of magnetic flux into the superconductor strip throughout the range of the constitutive parameters addressed, the distribution of the static magnetic field around the magnetically shielded superconductor strip in the partly flux-filled critical state does not differ markedly from the corresponding distribution in the flux-free Meissner state, for which reason figure 6 is representative here too. Examining the wedge-shaped magnet configuration of figure 2(b), with the normalized distance between the edges of the strip and the magnets a/w = 0.2, figure 9 displays the variation of the normalized sheet current J/J c over the width of the strip for a range of values of the normalized flux penetration depth s/w, when the relative magnetic permeability of the shields μ/μ 0 is fixed. For the lowest value of the latter quantity, μ/μ 0 = 10, figure 9(a) illustrates the emergence of a central, undercritical plateau with J/J c < 1 in the physically stable sheet current distribution, once magnetic flux penetrates into the marginal parts of the strip, where J/J c = 1; the height of this plateau grows, whilst its width persists, for increasing values of s/w, until the marginally stable, overcritical state associated with the largest value of s/w at hand is reached. In the latter state, the flux-filled marginal parts of the strip for the first time border on a region of overcritical sheet current with J/J c > 1, which renders the whole sheet current distribution unstable. The fronts of magnetic flux then move towards the centre of the strip, and the partly flux-filled overcritical state collapses into the fully flux-filled critical state with J/J c = 1 prevailing all over the strip. For the intermediate value of the relative magnetic permeability of the shields, μ/μ 0 = 100, figure 9(b) illustrates the appearance of a central, elevated overcritical plateau with J/J c > 1 in the physically stable sheet current distribution, once magnetic flux penetrates into the marginal parts of the strip, where J/J c = 1. Stability here is ensured by transitional zones of undercritical sheet current with J/J c < 1 joining the overcritical plateau to the flux-filled marginal parts of the strip. The height of the central plateau grows, whilst its width persists and the transitional zones shrink, when s/w augments, until the marginally stable, overcritical state associated with the evanescence of these zones for the largest value of s/w at hand is reached. For the highest value of the relative magnetic permeability of the shields, μ/μ 0 = 1000, figure 9(c) reveals sheet current distributions to which the observations reported above a fortiori apply: partly flux-filled, strongly overcritical states of the strip characterized by the appearance of a central, substantially elevated overcritical plateau together with reduced transitional zones of undercritical sheet current in the physically stable sheet current distribution, once magnetic flux penetrates into the marginal parts of the strip. Again, the height of this plateau grows, whilst its width persists and the transitional zones shrink, when s/w augments, until the marginally stable, overcritical state associated with the evanescence of these zones for the largest value of s/w at hand is reached.
To demonstrate the implications of the behaviour of the sheet current for observables of practical interest such as the current-carrying capability and the quality of ac current transport of the magnetically shielded superconductor strip, we once more address the normalized distance between the edges of the strip and the magnets a/w = 0.2. Figure 10 (a) displays the variation of the normalized total transport current I /I c with the normalized flux penetration depth s/w for a range of values of the relative magnetic permeability of the shields μ/μ 0 . At each value of μ/μ 0 , there is a monotonic rise starting from zero in the physically stable regime of the partly flux-filled critical state up to the respective limit of stability, beyond which the collapse of this state into the fully flux-filled critical state with I /I c = 1 ensues; at the vacuum value of μ/μ 0 in particular, our results meet the theoretical reference predictions appropriate to an isolated strip [28] . The enhancement of the normalized maximum total transport current strongly builds up with increasing values of the relative magnetic permeability of the shields μ/μ 0 . We note explicitly the maximum enhanced ratio I max /I c ∼ = 4.7 attained at a/w = 0.2 for μ/μ 0 = 1000. Figure 10(b) shows the variation of the corresponding normalized hysteretic ac loss per cycle suffered by the strip U ac /U 0 with the normalized total transport current I /I c , for the same range of values of the relative magnetic permeability of the shields μ/μ 0 . Like before, at each value of μ/μ 0 , there is a monotonic rise in the physically stable regime of the partly flux-filled critical state up to the respective limit of stability, beyond which the collapse of this state into the fully flux-filled critical state with U ac /U 0 = 2 ln 2 − 1 ensues; at the vacuum value of μ/μ 0 in particular, our results again meet the theoretical reference predictions appropriate to an isolated strip [28] . The normalized hysteretic ac loss per cycle drastically wanes with increasing values of the relative magnetic permeability of the shields μ/μ 0 , even for normalized total transport currents in the overcritical regime; a fact owed to the reduction of the depth of penetration of magnetic flux into the superconductor strip in conjunction with a weakening of the strength of the associated magnetic field.
Discussion and conclusion
We have performed numerical simulations of the flux-free Meissner state and the partly flux-filled critical state of a thin, current-carrying type-II superconductor strip surrounded by soft-magnetic shields of restricted geometry and finite permeability, calling upon the ANSYS finite-element software program and exploiting magnetostatic-electrostatic analogues. For a horseshoe-shaped magnetic environment representing a concave open cavity and a wedge-shaped magnetic environment representing a convex open cavity, the distribution of the static magnetic field around the superconductor strip, the distribution of the sheet current in the strip, and the maximum total transport current carried by the strip have been established in the flux-free Meissner state on the premise of strip protection against entry of magnetic flux owing to an edge barrier typified by the sheet current value J b , using the normalized distance between the edges of the strip and the magnets a/w and the relative permeability of the shields μ/μ 0 as constitutive parameters. The results demonstrate substantial redistributions of the sheet current towards the centre of the strip associated with significant enhancements of the total loss-free current that can be carried by the strip for both the concave and the convex magnetic cavity, however with a bias in favour of the latter type of environment; findings reminiscent of those from analytical studies concerning a thin superconductor strip placed in an infinite, cylindrical magnetic cavity of infinite permeability [35, 36] . The effect of sheet current redistribution, which shows up in the maximum total transport current carried by the strip, is highly sensitive to variations of a/w and exhibits stabilization at large values of a/w or μ/μ 0 , bearing resemblance to the predictions of numerical studies of a thin superconductor strip adjacent to a semi-infinite magnetic environment of finite permeability [11] .
For the wedge-shaped magnetic environment, the distribution of the sheet current in the strip, the total transport current carried by the strip, and, within a quasistatic approach, the hysteretic ac loss suffered by the strip have been revealed in the partly flux-filled critical state, using the normalized distance between the edges of the strip and the magnets a/w, the relative permeability of the shields μ/μ 0 , and the normalized flux penetration depth s/w as constitutive parameters. Like in the flux-free Meissner state, when a/w is fixed, substantial redistributions of the sheet current towards the centre of the strip associated with significant enhancements of the total loss-free current that can be carried by the strip occur here too, again bearing resemblance to the predictions of numerical studies of a thin superconductor strip adjacent to a semi-infinite magnetic environment of finite permeability [11] . This effect gets more pronounced with increasing values of μ/μ 0 , while the range of permissible values of s/w for physically stable current transport narrows down and the maximum total current possible builds up at the same time. On the other hand, the hysteretic ac loss per cycle suffered by the strip drastically wanes when μ/μ 0 augments.
In the non-dissipative overcritical states with the highest values of the total current achieved, regions of merely infinitesimal extent of the marginal parts of the strip are penetrated by magnetic flux, the major part of the strip remaining flux free. This apparently marks a situation where the penetration of magnetic flux is inhibited by pinning of magnetic vortices at internal defects, and the (fieldindependent) critical sheet current value J c takes over the role of the characteristic barrier sheet current identified for the Meissner state. If, contrary to our assumption, J c were dependent on the local magnetic field, the profiles of the magnetic flux in the flux-filled marginal parts of the strip might change [1] ; such a contingent dependence would not, however, preclude the existence of a central, flux-free zone crucial to the appearance of overcritical states. It is for the said reason that overcritical states are expected to be observable experimentally when passing a transport current through a magnetically shielded superconductor strip in its zero-field-cooled virgin state and increasing the strength of the current up to values below the maximum total current possible. A procedure of this sort is expected to be successful for total loss-free currents substantially enhanced as compared to conventionally attainable critical currents and for hysteretic ac losses significantly reduced as compared to those suffered by an unshielded strip.
It should be noted that, considering overcritical states, the appearance of high values of the sheet current in the central, flux-free part of the shielded strip may enable horizontal magnetic vortices to penetrate from the surface of the strip. If the latter is randomly rough, rather than ideally smooth as our theoretical model implies, the Bean-Livingston barrier against entry of magnetic flux proves insignificant, and magnetic flux penetrates when the lower critical field H c1 is reached at the surface of the strip, whatever the microscopic details of its structure may be. In the case of an yttrium-barium cuprate coated tape [37, 38] , the lower critical field amounts to H c1 = 3.3×10 4 A m −1 at the liquid nitrogen temperature of 77 K [39] . Since the sheet current J is related to the tangential component of the magnetic field H [37, 38] , the value of the sheet current in the critical state J = 1.0 × 10 4 A m −1 ensues, which remains far below J e . If, on the other hand, the sheet current J is substantially enhanced due to magnetic shielding of the tape, it may in fact locally exceed the limiting value J e . Such circumstances necessitate the use of a superconductor coating with smaller thickness d to ensure that J stays below J e throughout the central, flux-free part of the coating of the tape. Assuming, for example, an enhancement effect of up to the factor of 10, the condition on the thickness d H c1 /5 j c must be satisfied for the central, flux-free part of the coating of the tape to be protected against entry of horizontal magnetic vortices. Addressing the case of an yttrium-barium cuprate coated tape and the liquid nitrogen temperature of 77 K again, this constraint yields the upper bound for the thickness of the superconductor coating d e = 6.6 × 10 −7 m; a value falling slightly short of salient values of the thickness of commercially available coated tapes [37, 38] .
Apart from obvious similarities regarding the performance of superconductor/soft-magnet heterostructures made up of a thin superconductor strip and semi-infinite or infinite magnetic shields, our finite-element simulations, with their emphasis on restricted geometries and finite permeabilities, disclose some new, essential traits due to sheet current redistribution in the strip. Thus, considering the flux-free Meissner state, the enhancement of the maximum total transport current for the horseshoe-shaped magnetic environment, which can be distinct at short normalized distances between the edges of the strip and the magnets a/w, saturates very slowly with increasing values of the relative permeability of the shields, μ/μ 0 ∼ = 10 000 representing a typical estimate at a/w = 0.2. The enhancement of the maximum total transport current for the wedge-shaped magnetic environment, which can be even more distinct at short normalized distances between the edges of the strip and the magnets a/w, still saturates slowly with increasing values of the relative permeability of the shields, μ/μ 0 ∼ = 5000 representing a typical estimate at a/w = 0.2. This is in stark contrast to the case of infinite magnetic shields, where saturation already occurs for μ/μ 0 ∼ = 100 [3, 11] . In the partly flux-filled critical state and for the wedge-shaped magnetic environment, a reduction of hysteretic ac losses by possibly orders of magnitude, with even overcritical total transport currents, can take place at already moderate values of the relative magnetic permeability of the shields. Thus, although a relative magnetic permeability as high as possible is to be desired, the value μ/μ 0 ∼ = 50 typical of an Fe environment at low temperature [17] is sufficient to anticipate a significant shielding effect.
The sensitivity of the results of our simulations to the particular shape of the magnetic environment opens up new vistas of research directed at optimizing the magnet configuration surrounding a thin, magnetically shielded superconductor strip with respect to dimension and morphology, so as to achieve the maximum enhancement of the total transport current and the maximum reduction of hysteretic ac losses possible. Whatever the outcome of such studies in detail may be, it seems clear that, for an appreciable shielding effect to persist, the transverse dimension of the shields (normal to the plane of the strip) should be shorter than their lateral extent (parallel to the plane of the strip) which, in turn, should be much smaller than the width of the strip.
In conclusion, exploiting magnetostatic-electrostatic analogues offers the possibility of successful applications of finite-element software programs to study superconductor/softmagnet heterostructures made up of a thin superconductor strip and finite magnetic shields. The developed approach allows convenient determinations of the static magnetic field, the distribution of the sheet current, the variation of the maximum total transport current, and hysteretic ac losses suffered by the strip. The method in its present form, for critical sheet currents not depending on the local magnetic field, is easy to handle and readily amenable, without the need for adaptations of existing finite-element codes as in more sophisticated treatments resorting to multi-physics computational packages [20, 22, [40] [41] [42] .
